Abstract. A class of partially wrapped Fukaya categories in T * N are proven to be well defined and then studied. In the case of N diffeomorphic to R m ×T n , it is shown that these categories provide homological mirrors to equivariant and non-equivariant categories of coherent sheaves on toric varieties. This gives a new Floer theoretic formulation of mirror symmetry in the non-complete case.
Introduction
This paper defines and studies a partially wrapped Fukaya category associated to a Hamiltonian H on an exact symplectic manifold M . Outside of the Floer theoretic context, there have been topological and sheaf theoretic counterparts of such categories introduced in [17, 21] . In particular, the constructible sheaf approach has been well studied following [7, 18] . For certain types of Fukaya categories, the topological version has been shown to be equivalent to a Fukaya category defined via Floer theory. For example, when the Lagrangian involved is perturbed infinitesimally at infinity as in [18] . However, when the perturbations at infinity are asymptotic to a wrapping Hamiltonian which is infinitesimal in certain directions and quadratic in others, the symplectic Fukaya category, known as a partially wrapped Fukaya category, has not been shown to be equivalent to their topological counterpart. There have been several recent works with symplectic formulations of such partially wrapped Fukaya categories both in the dimension 1 case [3, 12, 15] and in higher dimensions [5, 22] . This paper, in contrast to these referenced works, will consider defining the partially wrapped category directly as in the wrapped setting, but with a relaxed assumption on the properness of the wrapping Hamiltonian. Attempting such a direct definition comes with a price, and several assumptions must be imposed in order to have a well defined category. Nevertheless, we obtain a general criterion for which a partially wrapped Fukaya category W H (M ) is well defined.
We then apply this construction to the case where H arises from a generally non-compact Lagrangian skeleton Z ⊂ M with well behaved singularities. Here the Hamiltonian H is a smooth perturbation of the kinetic energy function (which is half the distance from Z squared). The retraction π : M → Z induced by the (metric) gradient of H has smooth Lagrangian fibers over smooth points of Z. Thus we may consider the subcategory W Z H (M ) of W H (M ) generated by such Lagrangians. With a manageable generating collection in hand, the structure of this category can be approached first using a local description and second by applying a sheaf theoretic framework. A more topological approach to the sheaf theory is given in [11] .
To obtain the local description of W Z H (M ), the structure of the Lagrangian skeleton near a singularity p ∈ Z is described by a simplicial complex K. This type of singularity is not as general as the arboreal singularities of [17] , but it nonetheless arises naturally for the examples we consider later in the paper. To such a singularity, we examine in detail the local partially wrapped category W(K) which is modeled on the inverse image U p = π −1 (V p ) where V p is a neighborhood of p in Z. This category can be fully characterized by the combinatorial structure of K. To pass from W(K) to the global description W Z H (M ), one assembles these categories into a cosheaf on Z whose global sections equal W Z H (M ). As an application of this machinery, we consider homological mirror symmetry for a smooth toric variety X Σ . The key point to emphasize in this application is that the attribute "projective" is conspicuously absent. In particular, among our toric varieties will be affine varieties such as A n and, more importantly, quasiprojective varieties such as A n \{0}. Generally, homological mirror symmetry for toric varieties can generally be divided into two flavors. One half concerns the equivalence between the Fukaya category, or A-model, of X Σ and the category of matrix factorizations for a mirror superpotential; while the other half concerns a conjectural equivalence
Here, the category F(X ∨ Σ ) takes a variety of forms, depending on the properties satisfied by X Σ and the researchers' tastes and goals (e.g. [1, 6, 7, 10, 13] ). Using the construction of [7] , we consider the mirror skeleton Z in the cotangent bundle of a torus. This skeleton is the prototype for Lagrangian with singularities dictated by a simplicial complex. We thus conclude with a proof that its partially wrapped Fukaya category W Z H (U Σ ), where U Σ is a neighborhood of the skeleton Z, satisfies the equivalence of homological mirror symmetry in equation (1) .
As mentioned above, a major advantage of this approach over the afore mentioned proofs is that X Σ need not be complete in order for the equality to hold. In many such cases a Fukaya category mirror, which lies properly within the purview of symplectic geometry, is conspicuously absent. For example, the homological mirror of X Σ = A 2 − {0} does not have a description as the Fukaya-Seidel category of a Landau-Ginzburg model potential. Thus, a consequence of this work is to establish a symplectic A-model mirror category to D b (X Σ ). More importantly, all smooth complete toric varieties are elementary examples of git quotients X / / G. Such quotients are obtained by choosing an equivariant line bundle L and taking the geometric quotient of the quasi-projective variety X ss of semi-stable points. In order to formulate homological mirror symmetry of such quotients, it is of great benefit do have A-model mirrors of all varieties involved X, X ss and X / / G. The partially wrapped perspective gives a single prescription for symplectic mirrors to each variety in this setting, opening the door to an investigation of mirrors symmetry of git quotients and their variations.
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Partially wrapped Fukaya categories
In this section, we define a partially wrapped Fukaya category for a manifold with codimension 2 corners. We impose basic conditions on our manifold so that the standard arguments of [2, 4, 8] for compactness of moduli space can be imported to this setting.
Preliminary definitions.
In this subsection we recall the essential definitions for a partial wrapped Fukaya category. We adopt many notations and conventions from [4] , with a key difference being the lack of properness of the wrapping Hamiltonian. The central obstruction to extending the machinery of wrapped Fukaya categories to this setting is proving Gromov compactifications of the required moduli spaces exist. This is addressed by considering an auxiliary function, which yields a maximum principle argument, in concert with a restriction on the type of Lagrangians we admit into our category. We begin by recalling the essential notation of Floer theory for wrapped categories.
Let D be the unit disc with (d + 1) marked points {ζ 0 , ζ 1 , . . . , ζ d } oriented counter-clockwise. We will say that S = D\{ζ 0 , . . . , ζ d } is a pointed disc and write ∂ k S for the component of the boundary between ζ k and ζ k+1 . We assume a choice = { 0 , . . . , d } of strip-like ends has been made. These are holomorphic embeddings,
We also choose a set of weights
The last condition makes the behavior of γ rigid at the strip-like ends so that, relative to the parametrization i , it is constant in the t direction. The moduli space of conformal structures on D with marked points will be denoted R d+1 and its stable compactification, a manifold with corners, will be denoted R d+1 . For p ∈ R d+1 we denote by j p a complex structure on D associated to p. We will assume that 1-forms {γ p } p∈R d+1 have been chosen smoothly over these moduli spaces so that they are compatible with the gluing and they satisfy conditions (2), (3) and (4). We will furthermore assume that a global boundedness condition on our 1-forms as follows. Use the standard symplectic structure on D and the complex structure j p associated to p ∈ R d+1 to obtain the metric jp on T D. Then we assume there exists a bound L such that
for all p ∈ R d+1 . For the target space, we take an exact symplectic manifold M with exact 1-form λ and write J (M ), J int (M ), J c ω (M ) and J t ω (M ) for the space of smooth, integrable, compatible and tame almost complex structures, respectively. For J ∈ J (M ), a smooth function h : M → R is J-convex if the 2-form
is strictly positive. Here d c h = dh • J and positivity means ω h (v, Jv) > 0 for all non-zero v ∈ T M . In particular, this implies that ω h is a symplectic form and J is tame with respect to ω h . We denote the induced (J-invariant) metric 1/2(ω h (v 1 , Jv 2 ) + ω h (v 2 , Jv 1 )) by v 1 , v 2 h and the norm by h . If J is integrable then we generally have J ∈ J c ω h (M ). In more generality, the compatibility of J with respect to ω h is inextricably linked to a type of partial integrability of J relative to h. This can be written precisely by considering the anti-symmetric part Jv 2 ) and computing (6) where N J is the Nijenhuis tensor of J.
We equip M with J ∈ J (M ) and fix a Hamiltonian H : M → R which will later satisfy additional properties discussed in Section 2.2. For now, we require only the following.
the Liouville vector field Z h and its negative −Z h are complete.
In the usual setting of convex symplectic manifolds, one assumes H to be an exhaustion function, rendering the fourth condition unnecessary. The key distinction in our setup being that h will generally have non-compact level and sublevel sets.
To achieve transversality, we will need to perturb our partial convex data on compact subsets. Fixing a bounded below Hamiltonian H : M → R, we consider continuous families H = {(h p , J p )} p∈X where X is a topological space. Definition 2.2. Let H : M → R and J ∈ J (M ). A continuous family {(h p , J p )} p∈X of partial convex data has compact support relative to (H, J) if
have compact support in M × X. Denote by H X,H,J , or H X if H and J are fixed, the space of all such families.
Having fixed a wrapping Hamiltonian function H : M → R, take a decorated pointed disc (S, , w, γ) with associated complex structure j and consider a family H = {(H p , J p )} ∈ H S . Pairing H with γ gives perturbation data for Floer's equation. More explicitly, let E = M × S be the trivial bundle over S and write π S , π M for the projection of E to S and M respectively. We employ Gromov's trick and define an almost complex structure I H ∈ J (E). Specifically, for any (m, p) ∈ E and (v, w) ∈ T (m,p) E we define
where X Hp is the Hamiltonian vector field associated to H p . A section σ ∈ Γ(S, E) is then I H -holomorphic if it satisfies ∂ I H σ = 0. Projecting to M , we observe that u := π M • σ satisfies the equation
This is equivalent to Floer's equation
which is utilized for the Floer homology of H and, more related to our purpose, wrapped Fukaya categories (see, for example, equation (3.18) of [4] ). In particular, counts of the solutions to Floer's equations are used to define the coefficients in the A ∞ -structure maps for the Fukaya category. Before discussing these maps, we must describe the boundary conditions for equation (9) , or equivalently, the objects in our category. Their existence depends on several topological prerequisites which M must satisfy, as well as decorations associated to M . We now briefly recall these conditions, leaving a more detailed exposition to previously mentioned references. We assume that 2c 1 (M ) = 0 and choose a trivialization Ω ∈ Γ (
In addition, we assume w 2 (L) = 0 and choose a Pin structure P # on L. Again, given p ∈ L 0 ∩ L 1 , these choices determine a one-dimensional real vector space o p (see [20, Section 11] ). Using the orientations of o p , one can canonically define a vector space |o p | K over any field K so that reversing orientation has the effect of multiplying by −1. This allows us to orient our moduli spaces and obtain a category over a field K for which char(K) = 2.
Given a Hamiltonian H, we associate an object of W H (M ) to each Lagrangian L ⊂ M which satisfies the following properties
λ| L = df and f | L∩H −1 (C,∞) = 0 for some C > 0. (11) The second condition is typical of general wrapped Fukaya categories, while the first condition would be unnecessary had we assumed H was proper. In the partial setting, this condition is very stringent and eliminates all Lagrangians on which H is not exhaustive. A Lagrangian brane L # relative to H will be the triple (L, δ L , P # ) where L is a Lagrangian satisfying these properties with a grading δ L and a Pin structure P # . We associate an object L # ∈ W H (M ) to each Lagrangian brane L # . Recall that the morphisms in the wrapped setting are obtained by formal sums of flow trajectories of X H from one Lagrangian to another. Given w ∈ Z >0 , we write X w to be the space of paths x : [0, 1] → M satisfying the flow equation
and write deg(x) for the degree of the intersection x(1) ∈ ψ w (L 0 ) ∩ L 1 . Also, write |o x | K for the K-normalized orientation space associated to x(1). With these structures in place, we define morphisms as the graded vector space
Here the limit is taken with respect to the continuation map of H. From this, we follow the prescription for the A ∞ -structure maps given in [4] . Namely, given
and a choice of weights w consider paths
Recall the definition of the moduli space R d+1,w (x) of stable popsicle maps [4, Section 3c ]. An element is a pair (S, u) where S is a decorated pointed disc (S, , w, γ) and u : S → M satisfies
Here σ is the unique section of E defined by u and I is defined in equation (7).
, we obtain an isomorphism
When vdim(R d+1,w (x)) = 0, if Gromov compactness holds, we may sum together these contributions to obtain the map
These in turn are used to define the multiplication map
The constructions reviewed above are now standard in the definition of wrapped Fukaya categories, and the results on transversality and signs all carry over without difficulty to the partially wrapped setting. However, for the A ∞ -maps to be well defined and the A ∞ quadratic relation to hold, one requires Gromov compactness theorems of the moduli spaces R d+1,w (x). The following section establishes a criterion which will be used to verify this property.
2.2. Partial convexity. Given a family H = {(H p , J p )} p∈S ∈ H S , the almost complex structure I H defined in equation (7) paves the way for the next definition. Consider a partial compactificationĒ = M × D ⊂ M × S obtained by adding the marked points {ζ 0 , . . . , ζ d+1 }. We will say that H extends toĒ if it has a unique smooth extension. Under this assumption, for any C ∈ R we take
Definition 2.3. Given a decorated pointed disc (S, , w, γ), partial convex data (H, J) and a family of partial convex data H with compact support relative to (H, J) which extends toĒ, let I H be the associated almost complex structure onĒ. A function G : E → R will be called I H -convex if there exists a C G > 0 such that for every C ∈ R,
The constant C G will be called a sublevel bound for G.
Given a function g : M → R and a surface S, we say that
Definition 2.4. A function g : M → R suppresses H with bound B if, for every d ∈ N, S ∈ R d+1 and every family H ∈ H S,H,J in a neighborhood of the constant family {(H, J)}, there exists a function G : M × S → R, decomposable by g with bound B, which is I H -convex. We will say that H is partially convex with bound B if it has a suppressing function g.
If the bound B is not relevant, we will simply call H partially convex. The reason we wish to find suppressing functions is twofold. First and foremost, these functions give a maximum principle which constrains holomorphic discs to a compact region in M , thereby ensuring good compactifications of their moduli spaces. Second, for large enough values, the sublevel sets of I H -convex functions satisfy this same maximum principle. Coupling this to an argument on the flow of the Hamiltonian, we obtain functors from partially wrapped categories of sublevel sets to that of the entire manifold M . To be precise about the type of maximum principle we obtain, we observe the following Lemma.
Lemma 2.5. Suppose g : M → R suppresses H with bound B and u : S → M satisfies Floer's equation 9 for a family of partial convex data H sufficiently close to the constant family, then
Note that since f is subharmonic, it satisfies the maximum principle and f L∞(S) ≤ B for all p ∈ S. Since u satisfies equation (9), the section s u :
Thus, by [16, Lemma 9.2.9], the composition G • s u is subharmonic. The maximum principle then gives
The next technical lemma gives a criterion for showing that a given Hamiltonian is partially convex.
where L is the constant, independent of g, H and J, from (5).
In practice, we will be working with integrable complex structures. In these cases, verifying the bound involving ι X H η g g = 0 is unnecessary.
Proof. Let (S, , w, γ) be a decorated pointed disc and G = f • π S + g • π M for some function f : S → R. Let H be the trivial family of partial convex data relative to H and I H the associated almost complex structure. We compute
Here we write ω S ω f respectively. To shorten the notation, we also write
, and applying CauchySchwarz along with property 2.6(iv) gives
Thus we also have
Using equations (7) and (22), one observes that a = ω M g (v, Jv) which is positive by property 2.6(ii) and equals v 2 g . One also computes the cross term 2b to be
Using the inequalities (25), (24), (23), and taking the standard metric S on the disc S induced by j and ω S , we then have
Again, using equations (7) and (22), one calculates the y 2 coefficient of q to be
Using 2.6(iv) twice we see that, for any integer l,
. Combining this observation with 2.6(iii) we obtain
Combining inequalities (26) and (27) we obtain
Now, since a is positive, q is positive definite if and only if c > b (28) implies q is positive definite and, as u = (v, w) was arbitrary, g is I H convex. As convexity is an open condition, there exists a neighborhood around the trivial perturbation data H for which g will remain convex.
Lemma 2.6 gives one a practical test to verify that the moduli spaces of discs R d+1,w (x), which define the structure maps in the Fukaya category, admit the compactification necessary for the A ∞ -structure. To state this precisely, we prove the last lemma of this section.
Lemma 2.7. Suppose H is partially convex, then there exists a compact subspace
Proof. We cite Lemma 7.2 of [4] which implies there exists C for which H(u(S)) < C for all (S, u) ∈ R d+1,w (x). In our notation, this implies u(S) ⊂Ē C for every (S, u) ∈ R d+1,w (x). Let (S, u) ∈ R d+1,w (x) be an arbitrary stable popsicle map and write σ : S → E for the associated I H -holomorphic section. Let
) with s 0 for 1 ≤ k ≤ d and s 0 for k = 0. Such a set exists by the assumption (11) and property (15) . Let G : E → R ≥0 be an I H -convex function. Since G|Ē C is proper, we may assume that there is a constant A for which
Taking r sufficiently close to 1 and S r the radius r sub-disc of S this implies that
As G is proper onĒ C , the sublevel set
This result then yields the following theorem as a corollary.
Local models
Examples of partially wrapped categories have been explored in complex dimension 1 [12, 15] . In this section we will extend these categories to higher dimensions, pursuing a differing approach than [22] , so long as our manifold and wrapping Hamiltonian meet certain basic and somewhat stringent requirements. While the local structure investigated here can be generalized as in [17] , it is sufficiently rich to describe mirror categories to quasi-affine toric stacks. . We will write σ ∈ K for membership of simplices as well as j ∈ K when j ∈ [m] and {j} ∈ K. For any simplex σ ∈ K, we define a conical Lagrangian in T * R n as
We write L
• σ for the relative interior of L σ . Taking the union of these Lagrangians gives the singular, conical Lagrangian
and for any ε > 0, denote the sublevel set bỹ
be the closed subset of points closest to the strata L σ ⊂ L K . We note that the Hamiltonian vector field ofH K is defined inŨ σ (ε) and easily calculated to bẽ
When K = ∅, this is simply the kinetic energy which induces cogeodesic flow. In this case, one can take this as a local model for the wrapped Fukaya category on the cotangent bundle of a manifold. However, for any non-trivial K, the functioñ H K is not smooth near points equidistant to different strata. We take
We will writeX K for the discontinuous Hamiltonian vector field ofH K defined off of S K . Note that S K is contained in the set of elements of T * R m which are equidistant to different strata L σ of L K . For any J ⊂ K, we introduce the notation
Example 3.1. A basic example which will play a dominant role is the one dimensional case n = 1 with K = {∅, {1}}. The Lagrangian L K , its neighborhoodŨ K (ε) and the Hamiltonian vector fieldX K forH K for this example are illustrated in Figure 1 . Figure 1 . Generating Lagrangians,H K for K equal to a point and an A 2 Hamiltonian H.
To obtain a wrapped Fukaya category using the HamiltonianH K , one would first search for a smooth plurisubharmonic approximation H K . Unfortunately, an arbitrarily close C 0 -approximation does not exist in general as the functionH K is not plurisubharmonic as a continuous function. This can be seen through direct computation in the case of Example 3.1. Nevertheless, for K = {∅, {1}} one may perturbH K by choosing 0 < δ < ε and considering the set
The kinetic energy relative to Z δH
is a differentiable plurisubharmonic function.
Definition 3.2. Let K be the simplicial set of a point. An i-convex smooth Hamiltonian H :Ũ K (ε) → R will be called an A 2 -Hamiltonian if there exists 0 < δ < ε and an isotopy {X t } t∈[0,1] of Hamiltonian vector fields with
This definition ensures that an A 2 -Hamiltonian will look the same as XH δ outside of a neighborhood of S K . For general simplicial complexes K, instead of focusing on a particular smoothing ofH K , we will consider Hamiltonians which satisfy a set of axioms which are properties ofH K . In order to motivate and state these axioms, we first must establish some notation.
Given a simplex σ ∈ K, recall that the star of σ consists of the simplices star(σ) = {τ ∈ K : σ ⊆ τ }. For any subset T ⊆ K, its closure is the union of the faces of the simplices in T , or cl(T ) = {τ : τ is a face of τ ∈ T }. The link of σ ∈ K is the simplicial subset lk(σ) = cl(star(σ)) − star(cl(σ)). Let σ ∈ K and I be a set of points in lk(σ). Write the simplicial subset of lk(σ) obtained by restriction to I as lk I (σ).
We identify T * R m with C m and, for any I ⊂ [m], write C I for the vector space with standard basis {e i : i ∈ I}. Let π I : C m → C I be the projection and ι I : C I → C m the inclusion. 
Consider the Lagrangian subspace
Note that if u I is sufficiently displaced, then there exists a neighborhood U of the origin in C
[m]\I such that u I + u is sufficiently displaced for all u ∈ U ∩ L σ,[m]\I . More precisely, consider the affine subspace
Then we have the following lemma.
Lemma 3.4. For σ ∈ K, I a set of points in lk(σ), u I sufficiently displaced, the affine inclusion 
Proof. Let φ be the affine inclusion ι I +u I . Since I is a subset of points in lk(σ), we have τ ∈ K| I if and only if τ σ ∈ K. Using equation (29), and the definition of u I in equation (39), one then has φ(L τ ) = L σ τ ∩ im(φ). This establishes that that φ is a holomorphic isomorphism between the pairs (U K| I (ε), L K| I ) and (
Moreover, in a sufficiently small neighborhood U of the origin in C [m]\I , we have
As the standard symplectic structure in C m splits with respect to this direct sum, the Hamiltonian vector fieldX K also splits as the sum (ι I + u I ) * (XH We now turn the property in Lemma 3.4 into a definition.
Definition 3.5. Let K be a simplicial complex. A collection of smooth Hamiltonians {H I :Ũ K| I (ε) → R} I⊂K will be called decomposable if, for every σ ∈ K, I a set of points in lk(σ) and u I sufficiently displaced, there exists a vector field Y on a neighborhood U ⊂ C
[m]\I , vanishing along L σ,I for which
Another important property that the discontinuous HamiltonianH K satisfies is stated in the following lemma. We wish to preserve Lemmas 3.4, 3.6 and stability when we consider a smooth approximation ofH K . We also ask that our approximation equalsH K near any strata L σ ⊂ L K and away from the singular locus. Define a neighborhood
around the singular set ofH K . Let
We assume thatŨ I (ε/2) ⊂ U I (ε) ⊂Ũ I (2ε) for all I and that they are compatible in the sense that for any σ ∈ K, I ⊂ lk(σ) and sufficiently displaced u I , ι I + u I : (
is an isomorphism of pairs. This implies that there exists a neighborhood U ⊂ C
[m]\I of the origin such that ( 
we have that z j = ib j for b j ∈ R and b j > α. On the other hand, for w = (w 1 , . . . , w n ) ∈ L >α I we have that (w i ) = 0 so that the distance between z and w is greater than α. Given a simplicial complex K and α > δ, let
One notes that if δ ≤ δ and α ≤ α then L K,δ,α ⊆ L K,δ ,α . We also have that
The intuition behind this construction is that as α decreases from ∞, for each face J of the n-simplex that does not lie in K, one lowers a wall corresponding to the strata L J . For ε < δ 2 we take U K,δ,α,ε to be a ε-neighborhood of L K,δ,α and h K : U K,δ,α,ε → R kinetic energy relative to L K,δ,α . Proof. One observes that, because equation (46), the kinetic energy functions h K| I are locally either the kinetic energy relative to the isotropic boundaries ∂ + L ≤α I or the kinetic energy relative to Z n δ . Both of these functions are i-convex and that, near L I , an application of Lemma 2.6 shows that g I = 1+ i∈I (z i )e i + i ∈I (z i )e i suppresses h K in a neighborhood of L ≤α I . Taking the maximum of g I and smoothing gives a global suppressing function g for h K validating the partial convexity of h K and Definition 3.9(i).
The fact that H is stable follows at once from the definition. The decomposable property is a result of the fact that, for any σ ∈ K and I ⊂ lk(σ), L K,δ,α is locally a product of L K| I ,δ,α and L σ,[m]\I near any sufficiently displaced u I . The expanding property follows from considering the retraction π : Properties 3.9(ii) and 3.9(iii) follow immediately from the construction of L K,δ,α .
The category W H (K)
. In this section we fix a compatible smoothing H = {H I : U I (ε) → R} ofH K and, if necessary, replace U I (ε) with the sublevel set U K (δ) = {p ∈ U K (ε) : H K ≤ δ} for some δ < ε. Since H K is partially convex, Theorem 2.8 gives a well defined A ∞ -category W H K (U K (δ)). Within this category, there are several natural objects indexed by the combinatorial data of K. In particular, given any strata L σ of L K , consider the complement
, and sufficiently far away from S K , the setsŨ K (δ) and U K (δ) are locally the same and are isomorphic to the
We affix a grading and the trivial Pin structure to every L ⊥ p to make it an object of W H K (U K (δ)).
Definition 3.11. Let K be a simplicial complex and H = {H I } a compatible smoothing. The category W H (K) is the full subcategory of
As will be shown in Section 4, the category W H (K) admits a fully faithful inclusion into the equivariant A-model mirror of a quasi-affine toric variety.
We now show that the generating collection
is unnecessarily large and can be shrunk to a well controlled finite collection. The first reduction can be made by the following elementary lemma.
Lemma 3.12. Let Z be a smooth, connected component of
Proof. Since Z is connected, we can find a sequence p = p 0 , . . . , p m = p ∈ Z such that p i and p i+1 are contained in a geodesically convex neighborhood V i of Z ⊂ L σ . But in every such neighborhood, the cotangent bundle ball bundle
. By property 3.9(iii) of the compatible Hamiltonian H K , we have that H K | B δ (Vi) equals the kinetic energy relative to V i . This shows that the minimal cogeodesic
We now obtain a convenient indexing set for the smooth components of L 
, let π k be the projection to the k-th coordinate. It is clear that ∈ P(p 1 , p 2 , L σ ) can be chosen so that π k ( (t)) = 0 for all t if and only if c 1 (k) = c 2 (k). It also follows from the definition of L σ that π
either empty or has codimension greater than 1, so that its complement in L σ is connected. Thus im( ) must intersect L τ for some τ ∈ K if and only if f 1 = f 2 .
For f : lk(σ) → {±1}, denote the associated connected component of L sm σ as
Proof. This is an immediate application of Lemmas 3.12 and 3.13. Proposition 3.14 gives a convenient finite collection of generators for W H (K). The next theorem establishes the functorial behavior of W H (K). Here the word natural means that if σ 1 ∈ K, I 1 is a subset of points of lk(σ 1 ), σ 2 ∈ lk(σ 1 ) and I 2 is a subset of lk lk I 1 (σ1) (σ 2 ) then there is a natural equivalence between ι
Proof. We appeal to Definitions 3.5 and 3.7 and the fact that H = {H I } is a decomposable collection of expanding Hamiltonians. Let u I = j ∈I∪σ a j e j + j∈σ ib j e j be sufficiently displaced and ι I : C I → C m the affine inclusion sending w to u I + w. We also write ι I for its restriction to the inclusion
Suppose p ∈ L K| I \U Sing K| I and write q = ι I (p) = p + u I . We define the functor
K on generating objects by taking ι
In a neighborhood of q, property 3.9(iii) and the fact that H is decomposable implies that
and its Hamiltonian vector field decomposes as X K = X K| I + Y where Y is the Hamiltonian vector field of
in U . Let ϕ K t be the Hamiltonian flow of the H K . Using the fact that H is decomposable, we have that ι I • ϕ
on morphisms. Our task is thus two-fold; first we show that this assignment is full (as the faithful property is obvious) and then we demonstrate that it is compatible with the A ∞ -structure maps.
Recall from Lemma 3.4 that, in a sufficiently small neighborhood U of the origin in C
[m]\I , equation (41) gives the decomposition
where L σ,[m]\I is defined in equation (40). We may also decompose the orthogonal
\I (which we identify with its intersection in U δ (K)).
Let F : C m → R be the function
Note that for any q ∈ ι I (L
and
q then there are real constants c j for j ∈ I ∪ σ and d j for j ∈ σ such that
As F is independent of the variables indexed by I, we also conclude (
Then we have (X K F )(x(0)) = 0 and, as H K is expanding, (X K F )(x(t 0 )) ≥ 0 for all t 0 ≥ 0 (this can be seen by applying the expanding condition to each summand in F ). In particular, if F (x(t 0 )) > 0 for any t 0 , then F (x(t)) > 0 for all t ≥ t 0 .
Using equations (58) and (59) 
K is fully faithful on morphisms.
Since ι I is holomorphic and commutes with ϕ t , composing with ι I induces a map moduli space Θ x,I : R d+1,w (x) → R d+1,w (x). Using the (local) decomposition in equation (55) we also have that there is a neighborhood V of ι I (U K| I (δ)) such that projection π We can use Theorem 3.15 to explicitly describe certain morphism groups and compositions in W H (K). Let σ ∈ K and suppose f 1 , f 2 : lk(σ) → {±1} are any functions. We write (52) 
To verify this claim, take z = (x 1 , y 1 , . . . , x m , y m ) and observe that
But since r i ≥ 0, t 0 ≥ 0 and ε < 1, we obtain a contradiction and verify the claim.
With the claim, we see that, for w ≥ 2 ε , there is a unique wX K integral curve
). These define the single morphism x f1,f2 under passage to the limit. Composition takes place within U ∅ \U Sing K by counting the unique holomorphic triangle which connects the concatenation of cogeodesics from p 1 to p 2 and p 2 to p 3 to the unique geodesic from p 1 to p 3 . Lemma 3.16 classifies the morphisms between Lagrangian orthogonals flowing in a negative direction. The following lemma partially addresses morphisms associated to the opposite direction.
Proof. Take I = f Theorem 3.15 also allows us to further simplify our generating collection. Suppose σ ∈ K and k ∈ lk(σ) with τ = σ ∪ {k}. For any c : lk(σ)\{k} → {±1} let c ± : lk(σ) → {±1} be the extension
Take c 0 = c on lk(σ)\{k} and −i on k.
Proof. This is an immediate consequence of the fact that such an exact triangle occurs for the simplicial complex in the one dimensional Example 3.1. Thus taking I = {k} and applying Theorem 3.15 we obtain our result.
Equivariant mirror symmetry
Pursuing a distinct and more algebraic approach, we show in the present section that there is an equivalence between subcategories of the mirrors. 4.1. K-monomial categories. We begin by establishing some useful notation for what follows. For any n ∈ N, let {e 1 , . . . , e n } be the standard basis for Z n and, if I ⊆ {1, . . . , n}, we again take e I := i∈I e i . We define the monomial category C n to be the K-linear graded category with the following structure. For any A ∞ -category C, we let Tw(C n ) be the category of twisted complexes. This is also an A ∞ -category which is pretriangulated, so that its derived category H 0 (Tw(C)) is a triangulated category.
In particular, we consider the shifted Koszul complexes (69)
in Tw(C n ) where I ∩ J = ∅. These complexes are objects in Tw(C) with differential K I,J . To write down this differential, order I with some bijection sgn : I → [|I|] and take (70)
One can easily show that these objects, by definition, fit into exact triangles for any I ∩ J = ∅ with k ∈ I ∪ J. Here the map e k is defined to be ⊕ I ⊂I e I ∪{k}\I . We will write K I for K I {∅}. We now give a variant of the notion of a fully faithful functor in order to be able to describe our categories axiomatically. Suppose C is any category with finitely many objects indexed by subsets of [n] and take D to be any category.
For the following definition, we will say that two subsets are comparable if one is contained in the other and will say a tuple (I 1 , . . . , I r ) of subsets is comparable with (J 1 , . . . , J r ) if either all I k are contained in J k or vice versa. With this in mind, and the notation established above, we can now define the main category of interest. As before, we take K to be an abstract simplicial complex on the set [n]. (1) There is a ∆-fully faithful functor F : C n → D which is bijective on objects.
(2) For any collection (I, J, {k}) of disjoint sets with I ∈ K and I ∪ {k} ∈ K, the map
is an isomorphism in Tw(D). 
Furthermore, this quasi-isomorphism is natural with respect to a comparable triple (I , J , L).
Note that, using the distinguished triangle in Figure 3 , we can rephrase property 2 by saying that F (K I∪{k} {J}) is zero in Tw(D) for all I ∈ K and I ∪ {k} ∈ K. The motivation for this definition is that we can verify properties 1, 2 on both the A-model and B-model side of homological mirror symmetry. This then reduces the desired homological equivalence to our main algebraic result, Theorem 4.6, discussed below.
We fix D as a K-monomial category and assume that it is a minimal A ∞ -category. We denote its objects as D I = F (C I ). Proof. Utilizing property 2 and the distinguished triangle in Figure 3 , this follows from a straightforward induction argument on n = min{|I | : I\I ∈ K}.
Proof. The proof is by induction on n = |σ| + |σ |. The statement holds vacuously if n = 0 or 1. Assume that the lemma holds for all pairsσ,σ with |σ| + |σ | ≤ n.
By property 3 of Definition 4.2, we may assume that σ ∩ σ = ∅. Let σ = σ 1 σ 2 so that σ ∪σ 2 ∈ K and for every k ∈ σ 1 , σ ∪σ 2 ∪{k} ∈ K. Choose one such element k ∈ σ 1 . By property 2 of Definition 4.2, the Koszul complex K σ ∪σ2∪{k} 0 in Tw(D). We examine the morphism complex in Tw(D)
Note that for any J ⊆ σ ∪ σ 2 ∪ {k}, either J = σ , J σ or J ∩ (σ 2 ∪ {k}) = ∅. In the second case, Hom To take care of the last case where σ = σ 2 ∪ {k}, consider the collection of all J ⊆ σ σ for which σ ⊆ J. Owing again to properties 1 and 3 of Definition 4.2, the summands in equation (73) Now, recasting K as a poset with σ σ iff σ ⊆ σ , we can consider the poset representation algebra A K (see [9] ). The category of finitely generated modules mod A K has irreducible projective objects P σ for all σ ∈ K. We let P K be the full subcategory containing these objects. As P K generates Tw(⊕ σ∈K P σ ) = Tw(mod A K ), any functor G :
It follows from the definition of A K that if D is any K-monomial category, then there is a faithful functor i K : P K → D which takes P σ to F (C σ ). Thus every K-monomial category D contains P K as a subcategory. 
Proof. By the definition of A K and of K-monomial categories, i K is faithful. Also, the definition of a ∆-fully faithful functor ensures that if σ ⊂ σ for σ, σ ∈ K, then i K yields a bijection from Hom P K (P σ , P σ ) to Hom D (D σ , D σ ). On the other hand, if σ, σ ∈ K are not comparable, then the definition of A K gives us that Hom P K (P σ , P σ ) = 0 and Lemma 4.4 ensures that Hom D (D σ , D σ ) = 0. Thus i K is a fully faithful functor and gives an equivalence between P K and the full subcategory of D consisting of the objects {D σ : σ ∈ K}. The category Tw(mod A K ) is generated by P K and, by Lemma 4.5, the objects {D σ : σ ∈ K} generate Tw(D), implying D(i K ) is the indicated quasi-equivalence of categories. This theorem indicates that there exists a unique K-monomial category, so that verifying the properties in Definition 4.2 uniquely determines D.
4.2.
Local equivariant mirror symmetry. In this section we consider a subcategory in both the B-model and A-model. For any σ ∈ K, let
Let Y K be the quasi-affine, toric variety in C n defined as
Equivalently, Y K is the toric variety defined by the fan Σ K = {Cone({e i : i ∈ σ}) : σ ∈ K} determined by K with support in R n . We consider the equivariant B-model D eq (Y K ) of (C * ) n equivariant sheaves on Proof. The proof of this fact follows from routine application of basic results in toric geometry. In particular, taking the naive functor F : C → D B sending C I to O( i∈I e i ), one may utilize [19, Proposition 2.1, Theorem 2.6] to show that F is a ∆-fully faithful. To see that property 2 of Definition 4.2 is satisfied, it suffices to show that K I is acyclic for I ∈ K. Considering O( i∈I e i ) as equivariant line bundles on C n instead of Y K , one observes that K I is the Koszul complex which resolves the equivariant structure sheaf on the coordinate subspace
However, it is clear that Z I ∩ U σ = ∅ for all σ ∈ K which implies that Z I ∩ Y K = ∅. Thus the support of K I on Y K is empty and K I is consequently acyclic.
The motivation for naming D eq loc (Y K ) the local category stems from the description of the mirror A-model. The A-model mirror to D eq (Y K ) is anticipated to be the category W H Keq (U Keq ) where U Keq is defined following [7] . Consider the torus T n = R n /Z n and the quotient map π :
The image π(L K ) is then a singular Lagrangian in T * T n and its pre-image L Keq := π −1 (π(L K )) is as well. Alternatively, one could take L Keq = ∪ m∈Z n (m + L K ) to be the union of the integral translates of L K . It is clear that the function H K can be defined naturally on a neighborhood of π(L K ) in T * T n . Precomposing with π gives the Hamiltonian H Keq on the neighborhood U Keq of L Keq . Now, for any integral point m ∈ Z n ⊂ R n , take B(m, δ) to be a radius δ ball around m. Then, for δ less than 1 − ε, the intersection
is symplectomorphic to the neighborhood
Thus the wrapped Fukaya category W(K) considered in Section 3 describes the local structure of W H Keq (U Keq ) near the most singular points of L Keq (i.e. the integral points). Now suppose K is defined on [n] and, for every o : [n] → {±1}, choose a point
We have laid the foundation for the following result. With these results in hand, the mirror symmetry theorem is evident. To pass to the non-equivariant setting, one observes that both cosheaves F A and F B come with an equivariant action of Z n and that the isomorphism of cosheaves respects this action. In particular, this implies that the orbit categories (see [14] ) of the global section categories admit an equivalence orb Z n (W(K eq )) ∼ = orb Z n (D eq (Y K )) .
Using unique path lifting, one checks that the orb Z n (W(K eq )) is equivalent to the full subcategory W T (K) ⊂ W H Keq (π(U Keq )) in the cotangent bundle of the torus T * T n generated by transverse Lagrangians to π(L K ). Recall that π(L K ) ⊂ T * T n is the original Lagrangian skeleton proposed in [7] as the mirror to Y K . On the B-model side, it is easily shown that orb Z n (D eq (Y K )) ∼ = D(Y K ). Thus one obtains homological mirror symmetry for quasi-affine toric subvarieties Y K ⊂ A n as the formal corollary. 4.3. The punctured plane. We conclude with the explicit example of the mirror of C 2 \{0}. The fan for Y K consists of the two rays in Figure 4 without the positive quadrant. The simplicial set K with vertex set {1, 2} simply consists of the vertices {1}, {2} and the empty set ∅. In contrast, the fan for C 2 contains these cones and the positive quadrant and the simplicial set is an interval. There are three mirror skeleta to be considered. The first is
which is the union of the three Lagrangian strata indexed by sets in K and illustrated in Figure 5 . In the figure, the plane itself corresponds to the zero section of Figure 5 . The local mirror Lagrangian skeleton.
T
* R 2 and L ∅ , while the red (respectively blue) strata corresponds to L 1 (respectively L 2 ). The arrows indicate the positive cotangent directions which the strata span. The second is the equivariant skeleton L Keq ⊂ T * R 2 which is the union of Z 2 translates of L K and the third is π(L K ) = π(L Keq ) lying in the cotangent bundle T * T 2 . Both of these are illustrated in Figure 6 . Let us examine the category Figure 6 . The equivariant and orbit skeleta. ) (mirror to W(K)), the equivariant derived category D eq (C 2 \{0}) (mirror to W(K eq )) and the usual derived category D(C 2 \{0}) of coherent sheaves (mirror to W T (K)). We focus only the first category and observe some features of Theorem 4.9. This category is generated by the equivariant sheaves O(0, 0), O(1, 0), O(0, 1) and O(1, 1). The quiver with relations of morphisms between these objects is illustrated in Figure 7 where the sole relation is e 1 e 2 = e 2 e 1 . 
